Let ϕ be an automorphism of prime order p of a finite group G, and let r be the (Prüfer) rank of the fixed-point subgroup C G (ϕ). It is proved that if G is nilpotent, then there exists a characteristic subgroup C of nilpotency class bounded in terms of p such that the rank of G/C is bounded in terms of p and r.
Introduction
Let ϕ be an automorphism of prime order p of a finite group G, and let C G (ϕ) be the fixed-point subgroup, which we also call the centralizer of ϕ in G. If ϕ is regular, that is, C G (ϕ) = 1, then G is nilpotent by Thompson's theorem [34] and the nilpotency class is bounded in terms of p (for short, "p-bounded") by Higman's theorem [9] (an explicit bound for Higman's function was obtained by Kreknin and Kostrikin [20, 21] ). It is natural to expect that if ϕ is in some sense almost regular, then G must be in a sense almost nilpotent. For example, if |C G (ϕ)| = n, then G has a subgroup of (p, n)-bounded index that is nilpotent of p-bounded class. This result is a combination of the work of Fong [1] , who bounded the index of the soluble radical using the classification of finite simple groups, the works of Hartley and Meixner [8] and Pettet [31] , where (independently) the index of the Fitting subgroup was bounded for soluble groups, and the author's theorems [10, 11] , where a subgroup of (p, n)-bounded index and p-bounded class was produced for nilpotent groups. The latter results were also extended to infinite (locally) nilpotent groups by Medvedev [29] .
Regarding the automorphism ϕ as almost regular in the sense of rank means seeking restrictions on the structure of G depending on the rank of C G (ϕ) and |ϕ| = p. (Throughout the paper, a group has rank at most r if every finitely generated subgroup can be generated by r elements.) The author and Mazurov [17] proved a rank analogue of the Hartley-MeixnerPettet theorem for soluble groups, as well as a rank analogue of Fong's theorem in the case where the orders of G and ϕ are coprime (examples show that the coprimeness condition cannot be dropped in a rank analogue of Fong's theorem).
In the present paper we in a sense complete the study of finite groups with an automorphism of prime order that is almost regular in the sense of rank, by proving a rank generalization of the Higman-Kreknin-Kostrikin theorem for nilpotent groups. Theorem 1. Suppose that a finite nilpotent group G admits an automorphism ϕ of prime order p with centralizer C G (ϕ) of rank r. Then G has a characteristic subgroup C of pbounded nilpotency class such that G/C has (p, r)-bounded rank.
Earlier the case |ϕ| = 2 was settled by Shumyatsky [33] . We produce examples showing that Theorem 1 cannot be extended to infinite nilpotent groups, even for |ϕ| = 2. Nevertheless, such extensions can be proved for some classes of (locally) nilpotent groups, in particular, giving a positive solution to Problem 13.58 in the Kourovka Notebook [28] . 
(b) If G is in addition finitely generated, then G has a characteristic nilpotent subgroup C of p-bounded class such that G/C has finite (p, r)-bounded rank.
The torsion-free case of this corollary is mainly due to Makarenko [22, Theorem 2] , while the periodic case readily follows from Theorem 1 by the inverse limit argument.
Theorem 1 strengthens the results of the author and Mazurov [17] as follows.
Corollary 2. Suppose that a finite group G admits an automorphism ϕ of prime order p with centralizer C G (ϕ) of rank r. If G is insoluble, then suppose in addition that p |G|. Then G has characteristic subgroups R N G such that N/R is nilpotent of p-bounded class, while R and G/N have (p, r)-bounded ranks.
All the functions of p and r occurring in these results can be given explicit upper estimates, although we do not write them out.
The proof of Theorem 1 stems from the following sources. The first is the author's [11] theorem on Lie rings with an almost regular automorphism of prime order, which generalized the Higman-Kreknin-Kostrikin theorem. The proof in [11] is based on the so-called method of graded centralizers. This Lie ring result was applied in [11] to the associated Lie ring of a nilpotent periodic group G having an automorphism ϕ of prime order with centralizer of given order, to yield a similar group-theoretic result, albeit by quite a complicated argument.
However, for an almost regular automorphism in the sense of the rank of C G (ϕ), the associated Lie ring does not adequately reflect the hypothesis: the rank of the fixed-point subring of the induced automorphism may become much larger, with the fixed points being "scattered" over the factors of the lower central series. Only for torsion-free locally nilpotent groups do Lie algebra results yield immediate consequences in the rank problem (via the Mal'cev correspondence). Such a result was obtained by Makarenko [22] , who improved the Lie algebra result of [11] for automorphism of prime order by producing a nilpotent ideal, rather than a subalgebra, with bounds for the class and codimension; this result is also used in the present paper.
Therefore, for dealing with restrictions on the rank r of C G (ϕ), a different technique of graded centralizers in group rings was developed by the author in [13] . This technique, however, works only for the action on an abelian normal subgroup and therefore originally only a "weak" conclusion was obtained in [13] depending on the derived length d of G. Namely, using also the aforementioned Lie ring theorem [11] we constructed in [13] a subnormal subgroup of p-bounded nilpotency class connected with the group by a subnormal series of (p, r, d)-bounded length with quotients of (p, r, d)-bounded rank.
Another ingredient in the proof of Theorem 1 is the recent theorem of the author and Makarenko [16] on nilpotent characteristic subgroups of bounded co-rank. This result was used in [16] to convert the aforementioned subnormal subgroup into a normal one with quotient of (p, r, d)-bounded rank. In the present paper the 'weak' bound for the rank of the quotient is miraculously transformed into a 'strong' one, independent of d.
The method of graded centralizers in Lie rings and algebras has now been fairly well covered in the literature; see the book [12] and the more recent applications of this method in the papers by the author and Makarenko on almost regular automorphisms [14, 22, 23, 24, 25, 26] . In contrast, graded centralizers in group rings previously appeared only in a less accessible publication [13] . We present this group-ring technique in § 3 by giving a new proof of the "weak" result depending on the derived length of the group. This proof is simplified compared with [13] due to the same Khukhro-Makarenko result on characteristic subgroups [16] . This result on characteristic subgroups is also instrumental in finishing the proof of Theorem 1 in § 4. The reader who is familiar with the technique of graded centralizers in group rings in [13] , or simply not much interested in it, may jump from § 2, which contains all the relevant statements, directly to § 4.
Finally we briefly describe the situation with finite groups G admitting an almost regular automorphism ϕ of arbitrary finite order n. The natural conjecture is that there is a subgroup of n-bounded derived length with quotient bounded either in terms of |C G (ϕ)| or the rank of C G (ϕ). (For Lie algebras, a similar generalization of Kreknin's theorem [20] was proved by the author and Makarenko [14] .) There is already a reduction to nilpotent groups, giving subgroups of n-bounded Fitting height with bounded quotient. Hartley [6] used the classification to prove that the index of the soluble radical of a finite group is bounded in terms of the order of the centralizer of an element. Numerous papers initiated by Thompson [35] culminated in virtually best-possible bounds for the Fitting height of a subgroup of bounded index in the papers of Turull [36] and Hartley-Isaacs [7] . There are also similar results for non-cyclic groups of automorphisms under unavoidable additional coprimeness conditions. For ranks, the corresponding reduction to nilpotent groups was carried out by the author and Mazurov [18] . However, so far even a group analogue of Kreknin's theorem itself, for a regular automorphism, has not been proved. The only progress for composite n is the case of |ϕ| = 4: regular ϕ was done by Kovács [19] , and the almost regular case in the sense of the order |C G (ϕ)| was done by the author and Makarenko [15] .
Preliminaries
First we state for convenience two results in [16] , where general theorems on the existence of characteristic subgroups were proved. This theorem enables one to replace a subnormal nilpotent subgroup S of given class c and of given "co-rank" by a normal one: if S is normal in G with G/S of rank r, while G is normal in a group F , then the characteristic subgroup C of G given by Theorem 2 is normal in F and the rank of G/C is (r, c)-bounded. An earlier result of the author in [13] produced a subnormal subgroup of p-bounded nilpotency class connected with the group by a subnormal series of (p, r, d)-bounded length with quotients of (p, r, d)-bounded rank. A repeated application of Theorem 2 gives the following. 
We also prove here a couple of technical lemmas and list several known facts. 
Lemma 2. Let ϕ be an automorphisms of a finite group G of coprime order:
We shall also need an "infinite" analogue of Lemma 2 for nilpotent groups. 
Lemma 4. If a finite abelian p-group A admits an automorphism ϕ of order p with centralizer of rank r, then the rank of A is at most pr.
Proof. The rank of A is equal to the rank of Ω 1 (A), which can be regarded as a vector space over the field of p elements. Since 0 = ϕ
p , all eigenvalues of the linear transformation ϕ are equal to 1. The number of blocks in the Jordan normal form of ϕ is equal to the dimension of the centralizer C Ω 1 (A) (ϕ), while the size of each block does not exceed p.
The following lemma appeared independently and simultaneously in the papers of Gorchakov [3] , Merzlyakov [30] , and as "P. Hall's lemma" in the paper of Roseblade [32] .
Lemma 5. Let q be a prime number. The rank of a q-group of automorphisms of a finite q-group of rank r is r-bounded.
Although in [3] , [30] , and [32] automorphisms of finite abelian q-groups were considered, the general result can be easily derived from this special case; see, for example, [33, Lemma 4.2] . Lemmas 4 and 5 imply the following.
Lemma 6. If a finite p-group G admits an automorphism ϕ of order p with centralizer of rank r, then the rank of G is (p, r)-bounded.
The following well-known fact can be easily derived from the theory of powerful q-groups. for some (r, s)-bounded number f (r, s).
Graded centralizers in group rings
Here we give a new proof of Theorem 3 -or rather, a new proof of the previous results in [13] . This proof is simplified compared with [13] due to Theorem 2(b) on characteristic subgroups. However, the construction of graded centralizers of various levels still remains essential.
Definition. We define for brevity the co-rank of a normal subgroup N in a group G to be the rank of G/N .
Recall that Theorem 3 deals with a finite nilpotent group G of derived length d admitting an automorphism ϕ of prime order p with centralizer of rank r. Graded centralizers in group rings are used to find a subgroup of (p, r, d)-bounded co-rank which is nilpotent of (p, r, d)-bounded class. A required subgroup of p-bounded class is then obtained in the next section using an analogue of the Lie ring theorem in [11] .
Proposition 1. If a finite nilpotent group G of derived length d admits an automorphism ϕ of prime order p with centralizer
Proof. Since the rank of a finite nilpotent group is equal to the maximum rank of its Sylow subgroups, we can assume that G is a finite q-group. If q = p, then the rank of G is (p, r)-bounded by Lemma 6. Thus we assume in what follows that q = p.
We use induction on d. By the induction hypothesis, Definition. We say for short that S is a subnormal subgroup of (p, r, s)-bounded co-rank in a group G if S is connected with G by a subnormal series of (p, r, s)-bounded length with factors of (p, r, s)-bounded rank.
Proof of Proposition 2. By Theorem 2(b) it suffices to produce a subnormal subgroup of (p, r, s)-bounded co-rank that is nilpotent of class at most (2p − 1) 
For further references we mark this property as
note that here x ∈ y . The elements y, a satisfying (1) For any y ∈ Q the centralizer C Q (y) is a normal subgroup of bounded co-rank. Indeed, the mapping g → [g, y] is a homomorphism of the group Q into [Q, Q]. Its kernel is exactly C Q (y); hence the rank of Q/C Q (y) is at most s. We set
where y(1) runs over the fixed elements of level 1. The subgroup D (2) is ϕ-invariant. Since each subgroup involved in the intersection has co-rank at most s in Q(1) and the number of these subgroups is (p, s)-bounded, the subgroup D(2) also has (p, r, s)-bounded co-rank. We define the subgroup of level 2 to be
for all elements y(1) of level 1 and for all i.
), we can carry out the same construction for Q(2). We fix s generators of [Q(2), Q(2)] of the form [y(2), a(2)], where y(2), a(2) ∈ Q(2)
and each element y = y(2) satisfies (1). We set
where y(2) runs over the elements of level 2. Then we set
Repeating this construction 2p − 1 times we obtain ϕ-invariant subnormal subgroups (1), and their total number is bounded. By construction, subgroups of higher level centralize the fixed elements of lower level:
We now discuss "graded action" in group rings, or rather in enveloping algebras. Extending the ground ring by a primitive p-th root of unity ω, we denote by the same letter V the resulting Z Let E = E(Q) be the subalgebra of Hom Z[ω] (V ) generated by Q; we call E the enveloping algebra of Q. The action of ϕ on Q extends naturally to E. For any ϕ-invariant subgroup N Q its enveloping algebra E(N ) is a ϕ-invariant subalgebra of E(Q).
Using the fact that the additive group of V is a q-group, which is p-divisible as q = p, we can decompose V into the sum of the analogues of eigenspaces:
We call the additive subgroups V i for brevity ϕ-components of V , and the elements v i ϕ-components of v. Clearly, V 0 = C V (ϕ). Since the additive group of E is also a q-group,
is the sum of its ϕ-components We shall be constructing certain additive subgroups C p−i E p−i as intersections C p−i = v Ker ϑ v of such kernels over certain sets of fixed elements in V i . If the number of these elements is bounded, then the rank of the additive quotient group E p−i /C p−i is also bounded, since it is at most the sum of the co-ranks of the kernels involved in the intersection.
Suppose that an additive subgroup C i of bounded co-rank is chosen in the ϕ-component E i for each i = 0, 1, . . . , p − 1. Let I be the two-sided ideal of the algebra E generated by all the C i . Then the additive group E/I has bounded rank. The group Q acts by right multiplication on E, and therefore also on E/I. The kernel of this action K is a normal subgroup of Q. By Lemma 5 the rank of Q/K is bounded in terms of the rank of E/I, since this is a q-group of automorphisms of the additive q-group E/I.
Lemma 8. The following equality holds:
that is, uh ≡ u (mod I) for any u ∈ E, which means precisely that h ∈ K.
The same construction of the kernel of the action on the quotient algebra described above can be carried out for any ϕ-invariant subgroup N Q with respect to the ϕ-components of the enveloping algebra E(N ).
We begin constructing the required subgroup. Let F = {f ∈ E | f e = ef for all e ∈ Q(2p − 1)} be the centralizer in E of the subgroup Q(2p − 1), and let F j be its ϕ-components, j = 0, 1, . . . , p − 1. For each j = 0, 1, . . . , p − 1 we consider the additive subgroup of V 0 generated by the set
All the additive quotient groups E j (2p − 1)/C j have (p, r)-bounded rank. Now let I be the ideal of the algebra E(2p − 1) generated by the additive subgroups 
Lemma 9. We have
Proof. Equality (2) is equivalent to the fact that
· · · , we can express each element z j ∈ [K, K] in (3) as a products of fixed generators of the form [y(j), a(j)] of level j. We do this successively for j = 1, . . . , 2p − 2 -saving the last factor 1 − z 2p−1 -performing certain transformations at each step.
First we replace the element z 1 in the first bracket in (3) by a product of fixed generators of the form [y(1), a(1)] of level 1. Then we apply repeatedly the formula
to express 1 − z 1 as a linear combination of products each of which has a factor of the form 1 − [y(1), a(1)]. Substituting this expression into (3) we can transfer all the "superfluous" factors (like 1 + h) to the right end, since all the factors arising by formulae (4) have the form 1 ± w with w ∈ [K, K] and therefore commute with any elements. We obtain a linear combination of products each of which has an initial segment of the form
We set temporarily y = y(1), a = a(1) and use the formula
Here can be transferred to the right end of the product, since all elements z i ∈ [K, K] belong to the centre. We obtain a linear combination of products each of which has an initial segment either of the form
(in the second case we used again the fact that all the z i are central). Re-denoting v(1 − a) by v in the first case, we see that it suffices to prove that every product of the form
is equal to 0. Then we replace the element z 2 in (6) by a product of fixed generators of the form [y(2), a(2)] of level 2. Applying formula (4) in the same way we express the element 1 − z 2 as a linear combination in which each summand has a factor of the form 1 − [y(2), a(2)]. On substituting this expression instead of (1 − z 2 ) in (6) and transferring to the right end all the "superfluous" factors (which have the form 1 ± w for w ∈ [K, K] and therefore commute with any elements) we obtain a linear combination of products each of which has an initial segment either of the form
In the first case we have used the fact that all the z i are central. In the second case we used the fact that the element a(2) ∈ Q(2) centralizes the fixed element y(1) of smaller level by the definition of the subgroup Q(2). Re-denoting in the second case v(1 − a (2)) by v we obtain that it suffices to prove that any product of the form
is equal to 0. After 2p − 2 steps we obtain that it suffices to prove that any product of the form
is equal to 0. We now use the fact that the element z 2p−1 in (7) belongs to K. Since K = {x ∈ Q(2p−1) | 1−x ∈ I}, where I is the ideal generated by C 0 , . . . , C p−1 , the element 1−z 2p−1 is equal to a linear combination of elements of the form gc j h, where c j ∈ C j , j = 0, 1, . . . , p−1, and g, h are arbitrary elements of E(2p−1). We substitute this expression instead of the last bracket in (7) . Since by definition the subgroup Q(2p − 1), and therefore also its enveloping algebra, centralizes all elements y(i) of smaller levels i 2p − 2, the elements g in the factors gc j h can be transferred to the left over all the elements y(i). Expressing vg as a sum of ϕ-components in each summand of the resulting linear combination we obtain that it suffices to prove that every element of the form
is equal to zero, where
(We have temporarily dropped the level indicator to lighten the notation.) We decompose the element x in (9) into the sum of ϕ-components (8) and expand all the brackets. Using again the level indicators in parenthesis (and under the braces) and using indices only to indicate the ϕ-components which the elements belong to, we obtain that it suffices to prove that any product of the form
is a monome from the decomposition of the bracket (1 − y(k)) described above, in which we distinguish the first from the left ϕ-component x i k (k) with non-zero index i k = 0 (there may not be preceding elements with zero index). Let
Then the product (10) takes the form
where dots over each brace of level k indicate factors of the form x t (k) for various t = 0, 1, . . . , p − 1.
We now recall the centralizer properties of the subgroups Q(i). If i < k, then by definition
Since the ϕ-components of x are linear combinations of the elements x ϕ t , we obtain that ϕ-components x l (i), x m (k) of different levels i = k commute (for any l, m) .
Similarly, the subgroup Q(2p−1) centralizes all elements of the form y(k) ϕ t for levels k 2p − 2 and therefore it centralizes also all the elements x(k) ϕ t . Hence all the ϕ-components of the elements x(k), which are linear combinations of the elements x ϕ i , are also centralized by Q(2p − 1). In particular, the element c j , which belongs to the enveloping algebra of the subgroup Q(2p − 1), commutes with all the ϕ-components x s (k) for k 2p − 2.
Every element x i k (k) in (11), being a product of ϕ-components of level k, commutes with ϕ-components of other levels and with the element c j ; in this sense, x i k (k) can also be regarded as an element of level k.
We now collect all the elements x i k (k) in (11) at the beginning after v i 0 in the same order, followed by c j . For that we transfer the elements x i 2 (2), x i 3 (3) . . . , x i 2p−2 (2p − 2), c j , one at a time, successively to the left. Each of these elements x i k (k) or c j is always transferred over some ϕ-components x t (i) of smaller levels i < k, with which x i k (k) commutes. As a result, it is sufficient to prove that
We shall need the following elementary lemma. (12) are non-zero and these elements, being of different levels, commute with each other, and they all commute with c j ∈ E(2p − 1), since their levels are at most 2p − 2. First, applying Lemma 10 we permute the first p − 1 elements x i k (k) in (12) to obtain an initial segment of the form
All indices of the elements
where
so that this initial segment belongs to V p−j . Secondly, since there are at least p − 1 remaining elements x i k (outside that initial segment u p−j ), we again apply Lemma 10 permuting these elements and the element c j to obtain an initial segment
so that
As noted above, the subgroup Q(2p − 1) centralizes all the ϕ-components x s (k) for k 2p − 2. In other words, all these ϕ-components centralize Q(2p − 1), that is, belong to F , and therefore x l 1 · · · x l s ∈ F j . Hence the element u p−j x l 1 · · · x l s belongs to V p−j F j and therefore it is equal to a linear combination of the elements v p−j,i f j,i , where v p−j,i ∈ V p−j and f j,i ∈ F j are our fixed elements. Thus the product (13) is equal to a linear combination of the elements v p−j,i f j,i c j . The elements f j,i and c j commute because c j belongs to C j ⊆ E(2p − 1) and E(2p − 1) is centralized by f j,i ∈ F , since F centralizes Q(2p − 1). Therefore
Proof. The proof is similar to that of Lemma 9 but simpler due to the commutativity of Q. We need to show that
for any z i ∈ [K, ϕ]. Since 1 − z 2p−1 ∈ I, the element 1 − z 2p−1 is a linear combination of elements of the form gc j h, where c j ∈ C j for j = 0, 1, . . . , p − 1. We substitute this into (14) , transfer the elements g to the left over all the elements 1 − z i , re-denote vg by v, and then decompose v into the sum of ϕ-components. As a result, it suffices to prove that any product of the form
and therefore
We decompose x into the sum of ϕ-components x = x 0 +· · ·+x p−1 , substitute the expressions (16), expand all brackets, and cancel out
The result is a linear combination of monomes of degree p in the elements x i such that each of these monomes has a factor x i with non-zero index i = 0. We substitute the corresponding linear combination instead of each of the brackets in (15) . Since all the elements involved commute, we can collect some of those factors x i with non-zero indices i = 0 at the beginning, followed by c j . Since each of the 2p − 2 brackets in (15) contributes at least one such factor, it is now sufficient to prove that any product of the form
is equal to zero. Here the indices i k only indicate the ϕ-components which the elements belong to. We can apply to (17) the same kind of "collection process" as applied above to (12) . We arrive at the same conclusion using the fact that here F j = E j , since Q is abelian.
Completion of the proof of Proposition 2. Note that [K, ϕ] is a subnormal subgroup of corank at most r in K by Lemma 2 and therefore of (p, r, s)-bounded co-rank in Q, since K has (p, r, s)-bounded co-rank. Thus, Lemma 11 proves Proposition 2 in the case of abelian Q.
The quotient group K/[K, K] acts on each of the quotient modules
. By Lemma 9 there are at most 2p − 1 non-trivial of them. By Lemma 11 applied to U k and K in place of V and Q there exist subgroups L k of (p, r, s)-bounded co-rank in K (and therefore in Q) such that 
Proof of the main results
Finite groups. First we finish the proof of Theorem 3 for completeness and for the benefit of the reader.
Proof of Theorem 3. Recall that G is a finite nilpotent group of derived length d admitting an automorphism ϕ of prime order p such that C G (ϕ) has rank r. By Proposition 1 we may assume from the outset that the group G is nilpotent of (p, d)-bounded class c = c (p, d) . This allows us to use an analogue of the theorem in [11] on a Lie ring L with an automorphism ϕ of prime order. Actually in [11] we were dealing either with the case of finite fixed-point subring (centralizer) C L (ϕ) of order m, or the case of a Lie algebra L with centralizer of finite dimension m. Then the Lie ring (algebra) L contains a subring (subalgebra) of (p, m)-bounded index in the additive group (of (p, m)-bounded codimension) which is nilpotent of p-bounded class at most g(p). However, an analysis of the proof in [11] shows that with minimal changes it yields also the following theorem. We return to the proof of Theorem 3. Clearly, we can assume that G is a finite q-group and, due to Lemma 6, that q = p. We can obviously assume that the nilpotency class c of the group G is greater than the p-bounded number
be the associated Lie ring of the group G. The automorphism ϕ induces an automorphism of L, which we denote by the same letter. The rank of the additive group
, where the number of summands is equal to the nilpotency class, which is (p, d)-bounded, and is (p, d)-bounded) . If c − 1 > g(p) , the same argument can be applied to N in place of G, and so on. We repeat this procedure until we arrive at a characteristic subgroup of nilpotency class at most g(p); this subgroup will have (p, r, d)-bounded co-rank, since the number of steps in this process is (p, d)-bounded.
We now prove the main result of the paper, which is derived from the "weak" Theorem 3, a little short of a miracle, like lifting oneself by pulling one's own hair.
Proof of Theorem 1. Recall that G is a finite nilpotent group admitting an automorphism ϕ of prime order p such that C G (ϕ) has rank r; we need to find a characteristic subgroup C of p-bounded nilpotency class and of (p, r)-bounded co-rank. Since the rank of a finite nilpotent group is equal to the maximum of the ranks of its Sylow subgroups, we can assume from the outset that G is a finite q-group. Here we do not exclude the case q = p.
Let M be a subgroup of maximum order among normal ϕ-invariant subgroups of nilpotency class at most g(p), where g(p) is the function in Theorem 3. We claim that the rank of G/M is (p, r)-bounded. Let K be a Thompson critical subgroup of G/M , which is a characteristic subgroup of class at most 2 containing its centralizer (see, for example, [4, Theorem 5.3.11] ). Since (G/M )/Z(K) acts faithfully on K, the rank of (G/M )/Z(K) is bounded in terms of the rank of K by Lemma 5. Hence it suffices to prove that the rank of K is (p, r)-bounded.
Let L be the full inverse image of Ω 1 (K). It is sufficient to prove that the rank of L/M is (p, r)-bounded, because then the rank of a maximal abelian normal subgroup A/M of K will also be (p, r)-bounded and the rank of K is bounded in terms of the rank of A/M by Lemma 5. Note that the exponent of L/M is at most q or 4, since this group is nilpotent of class at most 2 and is generated by elements of order q.
The derived length of L is at most 3 + log 2 g(p). By Theorem 3 the group L contains a characteristic subgroup N of nilpotency class at most g(p) such that the rank of L/N is (p, r)-bounded, say, by f 1 (p, r) .
for some (p, r)-bounded number f 2 (p, r), since the exponent of L/M N is q (or 4), while the rank is at most f 1 (p, r).
The group M N is nilpotent of class at most 2g(p) being the product of two normal subgroups of class at most g (p) . Since N 
The right-hand side is equal to |M N /N |, which is at most q
for some (p, r)-bounded number f 3 (p, r) by Lemma 7, since the rank of M N /N is (p, r)-bounded, while the exponent is at most q
. The left-hand side of (19) 
. We finally have
Thus, the rank of G/M is (p, r)-bounded, while the nilpotency class of M is at most g(p). By Theorem 2(b) the group G has also a characteristic subgroup C of nilpotency class at most g(p) such that the rank of G/C is (p, r)-bounded.
Infinite groups. First we show that Theorem 1 cannot be extended to infinite nilpotent groups, even for an automorphism of order 2. 
The group G is nilpotent of class n. The centralizer C G (ϕ) is locally cyclic. However, with n varying, it is clear that there can be no normal subgroup of bounded nilpotency class with quotient of finite rank.
Proof of Corollary 1. Now G is a locally nilpotent group admitting an automorphism ϕ of prime order p such that C G (ϕ) has rank r. Recall that T = T (G) is the torsion part of G. First we consider the torsion-free locally nilpotent group G/T . Let G be the Mal'cev completion of G/T , which is obtained by adjoining all roots of non-trivial elements of G/T (see [27] or [2] ); the automorphism ϕ has a unique extension to an automorphism of G, denoted by the same letter. Since the roots are unique, the centralizer C G (ϕ) is the completion of the centralizer C G/T (ϕ). The rank of a radicable locally nilpotent torsion-free group is equal to the length of a normal series with factors isomorphic to Q; see [2] . Hence the rank of C G (ϕ) is at most the rank of C G (ϕ), and therefore the rank of C G/T (ϕ) is at most r. By Makarenko's result [22, Theorem 2] , the group G/T has a normal subgroup of p-bounded nilpotency class c(p) and of (p, r)-bounded co-rank. By Theorem 2(a) we can replace this normal subgroup by a characteristic one with the same properties, which gives the required subgroup C 0 in part (a) of the corollary.
Since the group T is locally finite, by the inverse limit argument Theorem 1 implies the existence of a normal subgroup D T such that T /D has (p, r)-bounded rank and D is nilpotent of p-bounded class (see, for example, the proof of Corollary 1 in [17] ). By Theorem 2(b) we can replace this normal subgroup by a characteristic one with the same properties, which gives the required subgroup C 1 in part (a).
In part (b) of the corollary, G is a finitely generated nilpotent group. Then the periodic part T = T (G) is a finite group. Let T q be the Sylow q-subgroups of T for primes q.
We can replace G by the inverse image of the characteristic subgroup C 0 given by part (a) and thus assume from the outset that G/T is nilpotent of p-bounded class at most g(p).
By Lemma 6 the rank of T p is (p, r)-bounded and the rank of G/C G (T p ) is then also (p, r)-bounded by Lemma 5. Since C G (T p ) is a characteristic subgroup of G, we can replace G by C G (T p ) and assume from the outset that T p Z(G).
The periodic partT of the quotient G/T p is clearly isomorphic to the Hall p -subgroup of T , while (G/T p )/T is isomorphic to G/T . As shown above, the rank of C G/T (ϕ) is at most r. Therefore the rank of C G/T p (ϕ) is at most 2r. Indeed, in a finitely generated nilpotent group all subgroups are finitely generated. If H is a subgroup of C G/Tp (ϕ), the quotient H/(H ∩T ) is generated by r elements as a section of C G/T (ϕ), while H ∩T is also generated by r elements as a subgroup of C T /Tp (ϕ).
If we prove the assertion for G/T p , with the rank of C G/T p (ϕ) being at most 2r, finding a characteristic subgroup C such that G/C has (p, 2r)-bounded rank and C/T p is nilpotent of p-bounded class d(p), then C is nilpotent of class at most d(p) + 1, since T p Z(G) by our assumption. Therefore we can assume from the outset that T p = 1; we re-denote by the same letter r the rank of C G (ϕ).
Since G is now a finitely generated nilpotent group with periodic part being a finite pgroup, there exists a p -number m such that G Proof of Corollary 2. As noted in [17] , in the soluble case the rank of G/O p (G) is (p, r)-bounded. Therefore we can assume from the outset that G = O p (G). By the main results of [17] , there exist characteristic subgroups R N 1 G such that the ranks of R and G/N 1 are (p, r)-bounded, while N 1 /R is nilpotent. By Lemma 2 we have C N 1 /R (ϕ) = C N 1 (ϕ)R/R and therefore the rank of C N 1 /R (ϕ) is at most r. It remains to apply Theorem 1 to the group N 1 /R.
Proof of Corollaries 3 and 4. These results follow from Corollary 2 by the inverse limit argument as in [17] . The improvement for locally nilpotent groups is already established in Corollary 1(a).
